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Abstract. The construction of generalized continuous wavelet transforms on locally 
compact abelian groups A from quasi-regular representations of a semidirect product 
group G — A yi H acting on L'^{A) requires the existence of a square- integrable func- 
tion whose Plancherel transform satisfies Calderon-type resolution of the identity. The 
question then arises under what conditions such square-integrablc functions exist. 

The existing literature on this subject leaves a gap between sufficient and necessary 
criteria. In this paper, we give a characterization in terms of the natural action of the 
dilation group H on the character group of A. We first prove that a Caldcron-type 
resolution of the identity gives rise to a decomposition of Plancherel measure of A into 
measures on the dual orbits, and then show that the latter property is equivalent to 
regularity conditions on the orbit space of the dual action. 

Thus we obtain, for the first time, sharp necessary and sufficient criteria for the exis- 
tence of a wavelet inversion formula. As a byproduct and special case of our results we 
obtain that discrete series subrepresentations of the quasiregular representation corre- 
spond precisely to dual orbits with positive Plancherel measure and associated compact 
stabilizers. Only sufficiency of the conditions was previously known. 



1. Introduction 

The continuous wavelet transform of / G L^(M) is obtained by picking a suitable ip G 
L2(M) and letting 



V^f{b,a) = j f{t)\a\-^/^i)(^—^^dt for 6GM,aGM\{0} . 

Among the many useful aspects of wavelets, probably the most fundamental one is wavelet 
inversion, usually formulated as 



a2 
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to be read in the weak sense (rather than pointwise). This remarkable identity holds 
precisely if ip was chosen as admissible vector, fulfilling the Calderon condition 



The generalization of this construction, in particular to higher- dimensional euclidean 
space, has been studied early on, see e.g. [171 [3]. In the euclidean setting, the role of 
the dilations a 7^ is assumed by the elements of a matrix group H, and various sources 
have studied which properties of H ensure the existence of an inversion formula, see e.g. 
[21 [HI [9l [15] . A further extension, replacing by a general locally compact group A and 
H hj a group of topological automorphisms, was considered in 

The wavelet inversion formula is closely related to a suitable generalization of the Calderon 
condition. As will be seen in the next section, this condition is quite easy to write down. 
However, it is not at all trivial to decide whether there actually exist L^-functions satisfy- 
ing it. Sufficient conditions for dilation groups acting on R'^ were derived in [9l[T5], along 
with some necessary conditions. However, a complete characterization of these groups in 
terms of necessary and sufficient conditions has been missing. The chief contribution of 
this paper is to provide such a characterization in terms of the natural action on the dual 
group. 

The paper is structured as follows: Section [2] contains a more detailed exposition of 
the group-theoretic construction of continuous wavelet transforms from the action of 
an automorphism group on a locally compact abelian group. We investigate wavelet 
inversion formulae valid for elements from a proper closed invariant subspace. For this 
purpose, we introduce the dual action of the dilation group, and formulate the Calderon 
condition for admissible vectors. A useful auxiliary notion for the discussion of admissible 
vectors is "weak admissiblity" . We formulate a full characterization of dilation groups 
admitting weakly admissible vectors (Theorem [S}), which is the central result of this 
paper. The following two sections are devoted to a proof of this theorem. As it turns 
out, the core result is of a predominantly measure-theoretic nature, and our treatment 
highlights these aspects. The main result of these sections is Theorem [121 In the final 
section we resume the discussion of admissible vectors. Theorems [6] and [19] provide a 
complete characterization of invariant subspaces allowing a wavelet inversion formula. We 
also comment on irreducible subspaces with wavelet inversion formula, which necessarily 
correspond to orbits of the dual action with positive measure and compact fixed groups 
(Corollary [2ID. 



Let us shortly sketch the group-theoretic framework for the construction of continuous 
wavelet transforms on locally compact abelian groups. The case where the underlying 
group is M" has been studied e.g. in [2l[9l[T5], the generalization to arbitrary LCA groups 
was considered in [1]. 



(1) 




2. Wavelet transforms from semidirect products 
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Let A denote a second countable locally compact abelian group (with group structure 
written additively), and let H he a group of topological automorphisms of A. H denotes 
a group of automorphisms of A, endowed with a secound countable locally compact group 
topology making the natural action oi H on A continuous. The semidirect product group 
Ay\ H consists of elements (a, h) & A x H, with group law (a, h) ■ (6, g) = {a + h{b), hg). 
When endowed with the product topology, G is a second countable locally comapct group 
as well. 

For any locally compact group S", integration against (left) Haar measure is denoted as 
Jgg{s)ds. Haar measure of a Borel -B C is denoted by \B\ = J^lB{s)ds. Here, as 
below, we use the notation 1b for the indicator function of B. 

The action oi H on A induces a continuous homomorphism 5 : H ^ by 6{h) = 
where B G A is any Borel set of positive measure. The left Haar integral on G is given 
by 

dh 



L 



f{x,h)d{x,h) = / / f{x,h) dx 



G J H J A 




m 



and the modular function of G is AG'(a, h) = 

G has a natural unitary representation acting on L^(y4) via 

7r(a, h)f{t) = 5{h)-^'^f{h-\t - a)) {t E A) . 

Given a function g G L^(A), the associated wavelet transform is an operator mapping 
/ G L^(y4) to its coefficient function V^f , defined on G as 

V^f{a,h) = {f,n{a,h)'ip) . 

Definition 1. Let Ti C L^(A) be a closed vr-invariant subspace. g ETi is called weakly 
admissible (for if : 7i — > L^(G) is a (well-defined) bounded injective map. It is 
called admissible (for 7i) if : — > L^(G) is an isometric embedding. □ 

Remark 2. Admissibility is equivalent to a weak-sense inversion formula: g is admissible 
for n iff for all f e H, 

dh 




f= / V^f{a,h)7r{a,h)il) da 



H J A 



holds in the weak sense (see e.g., [101 Section 2.2]). □ 

Remark 3. Note that intertwines the action of vr with left translation. In particu- 
lar, g is weakly admissible iff K/i is a bounded injective intertwining operator between 
the restriction of vr to 7i and the left regular representation acting on L^(G). In fact, 
the existence of weakly admissible is equivalent to unitary containment in the regular 
representation [TOl 2.21]. □ 

We denote the dual group of A by A. It is a second countable locally compact abelian 
group as well. (For this and the following facts concerning locally compact abelian groups. 
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see [H].) The Fourier transform of / G L^(yl) is defined as 

m = [ fix)a^)dx . 

J A 

We normalize Haar measure on A such that for all / G L^(G) fl L^(G'), ||/||2 = ||/||2- 
The Plancherel theorem implies that the Fourier transform extends to a unitary operator 
L^(A) L^(y4). For this reason, Haar measure on A is also called Plancherel measure of 
A. 

The action of on A gives rise to the dual action on A, which is a right action defined 
by {^■h){x) = C,{h{x)). The behaviour of Haar measure on A is similar to that of Haar 
measure on A, i.e., \B.h\ = 6{h)\B\ for all 5 C A Borel. 

For the study of (weakly) admissible vectors for invariant subspaces, the dual action is an 
indispensable tool. To begin with, invariant subspaces are in one-to-one correspondence 
to if-invariant Borel subsets of A, by the following result. 

Lemma 4. Let X C A be an H -invariant Borel subset. Let 

nx = {fe h\A) ■.f.i^ = f}. 

Then Tix C L^(A) is a n-invariant closed subspace. We write ttx for the restriction of tt 
to Hx- 

Conversely, if Ti C L^(y4) is a n-invariant and closed subspace, then Ti = Tix for a 
suitably chosen H -invariant Borel set X . 

Proof. First note that if Ti. is invariant under shifts, i.e. all operators of the type 7r(a, ch), 
then necessarily Ti. = Tix for some Borel set X. This follows from the characterization of 
the commuting algebra by the Fourier transform, e.g. [61 4.44]. If, in addition, Ti is also 
invariant under 7r(0, /i) for all h, it necessarily follows that, possibly after removing a set 
of measure zero, X is in addition if-invariant. The proof given in [S] for this fact in the 
case A = R" carries over verbatim. □ 

We next turn to the derivation of admissibility criteria. Direct calculation employing the 
Plancherel Theorem for A allows to derive the crucial equality 

IIK^/||^= / 1/(01' / m-h)\'dhd^. 
J A Jh 

See e.g. [H [15] for the proof in the case A = M°', which immediately carries over to the 
general setting. From this, one easily derives the following criteria for strong and weak 
admissibility, generalizing the Calderon condition for wavelets over the reals: 

Lemma 5. Let Ti C L^(A) be closed and ir-invariant. Hence Ti = Tix for a suitable 
H-invariant Borel set X d A. Then ip Eli. is weakly admissible iff the function 

(2) / m-h)\'dh 

Jh 
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is a.e. bounded and nonzero on X. Moreover, ip is admissible iff this function equals one 
a.e. 

Furthermore, it is easily verified that for 



to be finite, the stabihzer of ^, defined hj = {h & H : ^.h = ^} must be compact (see 
Lemma [TT] below) . Hence Lemma [5] implies that almost all stabilizers must be compact 
for H to be weakly admissible. However, it has been noticed early on that this necessary 
condition is not sufficient: The relevant counterexample is provided by letting A = M."^ 
and H = SL(2, Z). It turns out that almost all stabilizers are trivial, but H is not weakly 
admissible (see [8] for a related example). 

Additional sufficient criteria were provided in [9l [TOl [15] for the case of A = and a 
matrix group H, but the results in these papers do not yield a full characterization. The 
authors of [15j studied the condition that for almost every ^ there exists e > such that 
the e-stabilizer H^^^ = {h E H : \^ — ^.h\ < e} is a compact subset of H. Here | ■ | denotes 
the Euclidean distance. It is shown in [15] that this condition ensures weak admissibility. 
Necessity of this condition was conjectured, but not shown in By contrast, ^ (TU] 
studied regularity conditions on the orbit spaces, somewhat similar to the properties that 
will be considered in the next section. However, no necessary condition was derived. 

The following theorem is the chief result of this paper. It characterizes the groups H 
allowing a weakly admissible vector in terms of regularity properties of the orbit space. 

Theorem 6. Let Ti. = Tix, for X C A Borel and H -invariant. Ti. has a weakly admissible 
vector iff' there exists a conull H -invariant Borel subset B <Z X such that 

(1) For all ^ G -B, the stabilizer is compact. 

(2) There exists a Borel set C d B such that for all ^ G -B, the set C fl S,-H is a 



This result is a direct consequence of the purely measure-theoretic Theorem [12] below. We 
have chosen to remove (almost) all references to wavelets and harmonic analysis from the 
following two sections, because we believe that the central problem is measure-theoretic 
in nature, and of a certain independent interest. 



Let us begin by fixing terminology. A useful survey of the relevant definitions and results 
concerning Borel spaces can be found in [1]. 

A Borel space is a set X endowed with a cx-algebra on X. The elements of the cr-algebra 
are called Borel sets. A measure defined on the cr-algebra is called Borel measure. A map 
between Borel spaces is called Borel if the preimage of Borel sets are Borel again. A Borel 




singleton. 



3. Measure- THEORETIC setup and main result 
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isomorphism is a bijection between Borel spaces that is Borel in both directions. In the 
following, the Borel structures of locally compact groups and metric spaces are understood 
to be generated by the respective topologies. A Borel space is called standard if it is Borel 
isomorphic to a Borel subset of a separable complete metric space. We note that second 
countable locally compact groups are completely metrizable, and therefore standard. This 
applies to if, but also to A and A. Also, Borel subsets of standard spaces are clearly 
standard. Throughout the following two sections, X denotes a standard Borel measure 
space, on which a locally compact second countable group H acts jointly measurably from 
the right. 

We assume to be given a fixed cr- finite Borel measure A on X, which is quasi-invariant 
under G. This means that for all h & H, the measure Xh '■ A X{A.h) is equivalent to 
A. By the Radon-Nikodym theorem, this assumption implies the existence of a function 
p : X X H such that 



dX 

holds, for all (^, h) & X x H. p is called the cocycle of the measure; it can be assumed 
measurable on X x if, and such that it fulfills the following cocycle conditions, for all 
g,h e H and ^ G X: 

(3) p{^,9h) = pi^.9,h) + p{^,g) , 

(4) p{^,h) = oife./^ = e, 

see e.g. [12] or [19], Appendix B]. We note that the definition of the cocycle entails the 
following two formulae for integration: 

(5) X{B.h) = I e'^^'^'^dXiO 



B 



(6) / f{i.h-')dX{i) = [ fiOe'^^^^'^dXiO , 

Jx Jx 

where the second equation holds for all positive Borel functions /, in the extended sense 

that one side is infinite iff the other is. 

We denote by X/H the space of all ii-orbits in X. Let q : X X/H denote the quotient 
map. X/H is endowed with the quotient Borel structure: A subset B C X/H is declared 
Borel if q-\B) = [j{W : W e B} C X is Borel. 

Definition 7. The action of if on X is called weakly admissible if there exists a Borel 
function ip : X —>■ satisfying 

(7) < / (f{^.h)dh < cx) , for A-a.e. ^eX . 

□ 



The definition is a clear analogy to the Calderon condition. If X C A is an invariant 
Borel subset, we will see shortly that the existence of weakly admissible vectors for a 
representation is equivalent to weak admissibility of the dual action. The following lemma 
spells out the technical details. 
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Lemma 8. // the action of H is weakly admissible, there exists a function cp such that 
(8) f>0,0<l <p{^.h)dh < 1 (A-a.e) , <p e L\X, A) . 

Proof. Write X as a disjoint union of sets of finite measure, X = [J^m Assume that 
ipi fulfills ([7]), and define 

_ min(l,(^i(0) 
^^^^^ - 2"(1 + A(X.)) ' ^ ^ • 
Then (^2 is integrable, and also fulfills ([7]). The same is then true for 

(n = v^2(0 
'^^^^ i + J^Mth)dh ' 

which is the desired function. □ 

Corollary 9. Let Ti. = Tix C L^(A), for a suitable H -invariant X C A. There exists a 
weakly admissible vector for 7i iff the dual action of H on X is weakly admissible. 

Proof. The "only- if "-part is clear. For the other direction, we let = '^{^Y^'^i where 
fulfills (ED. □ 

As already indicated in the title, the structure of the orbit space X/H is of central interest. 
Such spaces can be quite pathological. By contrast, the situation for each individual orbit 
is quite simple, as the following lemma shows. 

Lemma 10. For all C, & X , the orbit C,-H <Z X is Borel. Furthermore, the stabilizer 
= {h E H : ^.h = ^} is a closed subgroup of H , and the quotient map H 3 h ^ ^.h 
induces a Borel isomorphism H^\H ^.H . 

Proof. Confer Chapter I, Proposition 3.7]. □ 

Now the first necessary condition for weakly admissible actions is easily proved. 
Lemma 11. The set 

Xc := & X : is compact } C X 
is Borel and H -invariant. If H is weakly admissible, then Xc d X is conull. 

Proof. The stabilizer map x ^ H^is Borel, if one endows the set of closed subgroups with 
the Fell topology Chapter II, Proposition 2.3]. Moreover, the set of compact subgroups 
is Borel (see [TUl Proposition 5.5]), hence X^ is Borel. if-invariance is immediate from 
the observation that all stabilizers associated to a given orbit are conjugate. 

If (y9 is a positive Borel function on X and ^ G X is such that 

< / ip{C,.h)dh < 00 
Jh 

then the fact that the function h f{C,.h) is integrable (with nonzero integral) and 
leftinvariant under the closed subgroup at the same time forces to be compact: 
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E.g., pick e > such that \{h : (p{C,.h) > e}\ > 0. This set has finite Haar measure, and 
is left if^-invariant, thus [SI Lemma 11] yields compactness of H^. 

Thus, if the action of H is weakly admissible, \X \ Xd = 0. □ 

We will characterize weak admissibility in terms of measure-theoretic properties of X/H, 
which are closely related to standardness. A Borel space is called countably generated 
if the (T-algebra is generated by a countable subset. It is called separated if single 
points are Borel. A Borel space is called countably separated if there is a sequence of 
Borel sets separating the points. All these properties are inherited by products and Borel 
subspaces. A Borel space is called analytic if it is (Borel-isomorphic to) the Borel image 
of a standard space in a countably generated space. 

We say that X/H admits a A-transversal if there exists an if-invariant A-conull Borel set 
Y G X and a Borel set C C F meeting each orbit in Y in precisely one point. 

A pseudo-image of A is a measure A on X/ H obtained as image measure of an equivalent 
finite measure under the quotient map q; clearly all pseudo-images are equivalent. We 
call A standard, if there exists Y G X Borel, if-invariant, conull, such that Y/H is 
standard. 

Finally, we need the notion of a measure decomposition: A measurable family of 
measures is a family {f3o)ocx indexed by the orbits in X, such that for all Borel sets 
B gX, the map O ^ f3o{B) is Borel on X/H. 

A measure decomposition of A consists of a pair (A, {(3o)ocx) , where A is a pseudo- 
image of A on X/H, or a a-finite measure equivalent to such a pseudo-image, and a 
measurable family {f3o)ocx such that for all -B C X Borel, 

X{B) = [ Po{B)dX{0) . 

J X/H 

Note that this entails, for all positive Borel functions / on X, that 

[ fiOdXiO = [ [ fiOdMOdXio). 

J X J X/H Jo 

We say that A decomposes over the orbits if there exists a measure decomposition 
with the additional requirement that, for A-almost every O G X/H, the measure j3o is 
supported in O, meaning l3o{X\0) =0. 

Theorem 12. Let X he a standard Borel-space, and H a second- countable group acting 
measurably on X . Assume that X is a quasi-invariant a -finite measure on X . Consider 
the following statements: 

(a) The action of H is weakly admissible. 

(b) A decomposes over the orbits. 

(c) A is standard. 

(d) X/H admits a X -transversal. 
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Then (a) (b) ^ (c) ^ (d), and X{X \ = 0. 
Conversely, if X{X \ Xc) = 0, then (d) => (a). 

The equivalence of (6) through (d) is possibly folklore, although we have not been able to 
locate a handy reference for the " almost-everywhere" version that we consider here. Also, 
the proof of (b) =^ (c) turned out to be rather more technical than initially expected. We 
include detailed arguments for the sake of reference. 

Note that Corollary [9] and Theorem [121 applied to the dual action of H on the invariant 
set X, indeed imply Theorem [61 

4. Proof of Theorem \T2\ 

If the action of H is weakly admissible, then X{X \ Xc) = by Lemma [TTl W.l.o.g., we 
will therefore assume in the following that X = X^. 

4.1. Proof of (a) =^ (6). Assume that the action of H is weakly admissible. The proof 
strategy will be to define a measure /i that decomposes over the orbits, and to show that 
/i is cr-finite and equivalent to A. 

Lemma 13. Let X be a pseudo-image of X on X/H. Let (f : X ^ be a Borel function 
satisfying For Borel sets U C X/H let 

Kiu) = [ m dxio . 

Jq-HU) 

Then X^ is a finite measure on X that is equivalent to X, satisfying for all Borel functions 
g:X/H^ R+ 

(9) / g{0)d\ = [ gi^.HMOdXiO ■ 

Jx/H Jx 

Proof. We need to show for an iZ-invariant Borel set V G X that 

X(V) =0^1 viOdXiO = . 
Jv 

Direction is clear, since the right-hand side is an integral over a A-nuU set. 

For the other direction, we employ the quasi-invariance of A and invariance of V to note 
that for all h & H, 

[ ^{Ch)dX{0 = . 
Jv 

Integrating over H and applying Tonelli's theorem, we obtain 

/ [ ip{^.h)dhdxi0 = o. 

Jv J H 

By assumption, the inner integral vanishes A-almost nowhere, hence XiV) = follows. 
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By definition, equation (jH]) holds for indicator functions, and extends to nonnegative Borel 
maps by standard arguments. □ 

Lemma 14. (a) Let O = C,-H , and assume that is compact. Then 

l^o{B) = \{h e H : ^.h e B}\ 



defines a a-finite measure supported on O. fio is independent of the choice of 
(b) Let if he a Borel function satisfying For Borel sets B C X, define 

(10) KB) = I fio{B) d\{0) 

JX/H 

= [ ^(0 / Isi^h) dhdi . 

J X J H 

H is a well-defined Borel measure. 



Proof. Since O is Borel, ixo is a well-defined Borel-measure. Furthermore, since is 
compact, /io is finite on sets of the form ^.C, with C compact. In particular, since H 
is cr-compact, Ho is cr-finite. Ho is independent of the choice of ^, since the action is on 
the right, and Haar- measure on H is left invariant. The well-definedness of yU follows from 
Fubini's theorem and the measurability of (/i, ^ 1a('C-^)- The second equation of flTUl) 
is obtained directly from ([9]). □ 

The following result will allow to establish equivalence /i and A. 
Lemma 15. Let ip be a positive Borel function fulfilling and let 

m = I v{i-h) dh . 

Jh 

Then, for all Borel functions / : X — > , 

(11) ^ fmm = f{i.h)e''^^^^'^AH{h)'' dh dm . 
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Proof. The proof is a straightforward computation, using Tonelh's theorem: 




H J X 




^fii-h) dm dh 



H J X 



^{i.h) dm dh 




H J X 



X 



X 



||^^(0e^^^^-^) dXii) dh 
^Jj{Ch)e'^^^''^A^ihr dh, 



where the penultimate equahty used if-invariance of $. □ 
The next lemma establishes cr-finiteness of /i: 
Lemma 16. Let H be weakly admissible. 

(a) There exists ip : X M.q satisfying and in addition, the map h <^{C,-h) is 
continuous, for all ^ G fi<^ . 

(b) Let ip satisfy For k eN, define 

Ak = {^eX: ^(0 > 1/k} . 
Then, for all k and g E H: 
(12) fxiAk.g) = AHig)fx{Ak) < AH{g)k\{X / H) < oo . 

(c) With ip,Qip as in part (a), and Ak as in part (b): If {hn)n<m d H is dense, then 

In particular, fi is a -finite. 

Proof. For the proof of (a) pick ipo satisfying ([8]). Pick a continuous, compactly supported 
u : H ^ M.Q satisfying 

/ u{g)AH{g) dg = l. 

J H 

Letting 

Vl^ = {i e X : I (fioi^-h) dh < oo} 

J H 

defines an if -invariant conuU Borel subset. For ,^ G ^2^, we define 

¥^(0 = / 'PQ{i-9)^{9) dg , 

J H 
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and obtain 

Vi^h) = I (po{Chg)iyig)dg 



H 

The assumption ^ G amounts to saying that the map g ^— fo{^-g) is in L^{H). Now 
strong continuity of the left action of H on L^(i7) and boundedness of ip imply that 
h \—>- ip{C,-h) is continuous. 

Integrability of is a straightforward consequence of ipo E L^(X, A), u G L^(if) and 
Fubini's theorem. Finally, 

ip{i.h)dh =11 Vo{Chg)i^{g) dg dh 

H J H J H 

^{g) / Voi^hg) dh dg 

H J H 



^{g)^H{g) / ^Q{^-h) dh dg 

H JH 

(foiCh) dh , 



H 



where the last equation was due to our choice of u. Hence ([S]) for ipo implies the same for 
(fi, and (a) is shown. 

The first equation of part [b) follows from 

/ lA,M-h)dh = [ UAi-hg-') dh 

JH JH 

= Anig) [ lA,{^.h) dh , 

JH 

and integration over X/H. For the inequality, observe that by definition of Ak, we have 
< kip{^), and thus by choice of ip 

fi^.H{Ak)= [ lA,{Ch)dh<k [ ^i^h) dh<k. 

JH JH 

/i(^fc) = / /io(Afc)t/A^(0) < kX;{X/H) , 

J X/H 



But then 



For part (c) let ^ G Q^, hence < ip{C,.h)dX{^) < 1. Hence the integrand cannot be 
identically zero, and there exists A; G N such that 

B = {geH: ^{^.g-^) > 1/k} 

is nonempty. By choice of if, B is open, hence there exists n G N such that hn G -B, 
implying ip{^.h~^) > 1/k. But this means ^ G Ak.hn, as desired. □ 

Now the implication (a) =^ {b) is easily proved. We pick according to Lemma [16] (a), 
and consider the measure /i defined in Lemma [HI using A = A^. Then fj, is equivalent to 
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A: On the one hand, Lemma HEl provides for an arbitrary Borel set A C X 

(13) X{A) = l^^l^ l^(e./i)e^«''^)A^(/.)-i dh dm , 
whereas by Lemma [TBI 

(14) /i(A) = / ^(0 / lAi^.h) dh dXiO . 

Jx J H 

Hence, by ([13]), X{A) = iff m l^(^./i)e''(«''^)Ajy(/i)-i rf/i = for A-a.e. ^. Both 
and the exponential function are strictly positive, hence this is the case precisely when 
ip{^) lA{C,-h) dh = for A-a.e. ^. But by f|T^ . the latter case is equivalent to fi{A) = 0. 
Hence A and fi are equivalent. 

Recall that by definition, dfi{^) = dfio{0dX{O). By Lemma [16] (c), ^ is cr-finite. Hence 
the Radon-Nikodym Theorem applies, and yields 

"^^^^^ = Jil^^^"^^^^^ = ^(0rf/ia(0rfA(O) , 
which shows that letting dPoiO = ^iOdfJ'oiO yields the desired measure decomposition. 



4.2. Proof of (b) =^ (c). For this step, we first replace A by an equivalent probability 
measure a. Then a decomposes over the orbits as well, by the same argument as in 
the proof of (a) =^ (6). In the decomposition of a, almost every Po is finite, and can 
thus be normalized to be a probability measure. Then the measure on the quotient 
space effecting the decomposition of a into the normalized measures turns out to be a 
probability measure as well. 

In short, A can be assumed to be a probability measure, and all measures involved in the 
decomposition as well. Furthermore, we may assume that A is the image measure of A 
under q. The following argument relates the decomposition to the ergodic decomposition 
constructed in [12], and then uses properties of the latter. For this purpose, let p denote 
the cocycle of A. Let Mp{X) denote the set of Borel probability measures on X with 
CO cycle p. 

We endow Mp{X) with the coarsest cr-algebra such that, for all Borel sets B G X, the 
mapping Mp{X) 3 u \—>- ^{B) is Borel. Let S denote the a-algebra of X, and let be the 
subalgebra of if-invariant Borel sets. Clearly is a subalgebra of S. The conditional 
expectation of / with respect to z/ G Mp{X) is a Borel function 

E,(/|5^):X^M+ 

which is if-invariant and fulfills 

/ fmm = [ E^ifis^'mdm , 

Jb j b 

for all if-invariant Borel sets B. The conditional expectations always exists and is i/-a.e. 
unique [HI 5.1.15] 
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By [T^ Theorem 5.2], there exists an iJ-invariant map p : X Mp{X),x t— > such that 
p^ is ergodic, and in addition, for every u G Mp(X) and every positive Borel function / 
on X, 

(15) E^iflS^'m = I f(^)dvM ■ 

Jx 

holds for I/- almost all ^ G X. 

Lemma 17. Assume that (A, {(3o)ogx) is a decomposition of X into probability measures 
over the orbits. Let p be the cocycle of X, and let p : X Mp{X) denote the ergodic 
decomposition associated to p. There exists a conull, H -invariant Borel set Y G X such 
that p^ = (3^,H! for all G F. 

Proof. We first observe that for almost all O, (3o G Mp{X): For Borel subsets B G X 
and if-invariant C G X, 

f l3o{B.h) dX{0) = X{B.hnC) 
Jc 

= I lB(Oe''«'') dX{i) 
Jc 

= [ [ e^(«''^) dPaiO dX{0) , 
Jc Jb 

and thus, for all h E H, 

(16) ^o{B.h) = [ e^«'^) dPaiO , 

Jb 

valid for a A-conull set of orbits O that may still depend owh E H and B. 

By Fubini's theorem, for each B E S there exists Y{B) G X Borel, if-invariant and conull 
such that (HEl) holds for all orbits O G Y{B) and all h G T{0,B), with T{0,B) G H 
Borel, conull. Next pick a generating sequence {Bk)km of '5, and define 

Y=f]Y{Bk) ,WOgY : T{0) = []T{0,Bk) . 

feeN km 

Then (dH) holds for all B e S, O G Y and h e T(0), since both sides of ([IS]) define a 
Borel measure, hence coincide on a a-algebra. 

Now fix O G Y, and define 

H{0) = {he H -.yB eS : poiB.h) = [ e''(«''^) dPoiO] ■ 

Jb 

We claim that H{0) is a subgroup of H: Assume that h G H{0). Then fll6p extends to 
positive Borel functions /, yielding 

(17) / f{i-h-')dPo{i) = [ fiOe'^-^'^^dMO ■ 

Jx Jx 
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iI3 



Furthermore, the cocycle properties and (jl]) entail that p{C,,h ^) = —p{^.h ^,h). 
Using this, we can compute 

B J B 

Jx 

= /3o{B.h-') 
which proves h^^ G H{0). 
Next let g,he H{0). Then, since g e O, 

PoiB.hg) = [ e^^^^^UPaiO 

J B.h 



X 



B.h-^ 

-1\ 



m 



Jx 

[ lB{0e'^^'''^d(3o{0 , 
Jx 



and therefore hg G H{0). 



Hence C is a subgroup, with D T(C). In particular if (C) D T(C)T(0)-\ 

and since T{0) has positive Haar measure, H{0) contains a nonempty open subset 
Proposition III. 12.3]. Hence H{0) is an open subgroup, and therefore closed. On the 
other hand, T{0) is conull and thus dense in H, whence finally H = H{0). But this 
shows (3o G Mp{X) for all O (ZY. 

Then, since (3o is supported in (9, it follows for every nonnegative Borel functions / and 
ieO that 

X Jx 
where the second equation is due to (IT^ . But this means that Po = Vi- ^ 

Hence, after passing to a suitable conull ii-invariant subset, we may assume that (3^,h = Ve, 
holds for all ^ G X. In particular, we may assume in the following that p separates the 
orbits in X. 

Denote by T the coarsest a- algebra on X making p a Borel map. Since the (3o are a 
measurable family, p : X ^ Mp{X) is clearly Borel, thus T d S. On the other hand, by 
^12^ Theorem 5.2] T is countably generated. 
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Since p is if-invariant, the elements of T are if-invariant as well. Hence q : X X/H 
induces an isomorphism of a-algebras between T and its image T = {q{A) : A G T}. In 
particular, the latter is countably generated as well, and it is contained in the quotient 
(T-algebra on X/ H. Furthermore, it is clearly separated, since p separates the orbits. But 
then the quotient a-algebra, being finer than T, is countably separated. Hence, by lU 
Proposition 2.9], it follows that X/H is an analytic Borel space. But then there exists a 
conuU Borel subset A C X/H which is standard (see [Ij, remarks following 1.2.13 ). This 
shows (c). 

4.3. Proof of (c) ^ {d) => (6). For (c) => (d) we may assume, after passing to a suitable 
conuU subset, that X/H is standard. Then |1], Proposition 2.15] yields a A-conull set 

V C X/H and a Borel cross-section a : V ^ <1~^{V)- Then a is injective, and V is 
standard, as a Borel subset of X/H. But then <j{V) is Borel, by ^ Proposition 2.5], and 
it meets every orbit contained in V in precisely one point. 

Finally, {d) =^ (6) follows by [T6| Lemma 11.1]. 

4.4. Proof of (d) =^ (a). Now assume [d), and that all stabilizers are compact. Let 

V G X he if-invariant and conull, and let C C F be a Borel transversal for the orbits in 
Y. Let K G H denote a compact neighborhood of the identity, and V = C.K = {C,.h : 
^ G C,h G K}. Then V is an analytic subset of X, as the Borel image of the standard set 
C X i^' in the countably generated space Y. Since analytic sets are universally measurable 
(confer [T], page 11), V is A-measurable. Hence there exist sets U gV G W, with U, W 
Borel and X{W \U) = 0. 

We intend to use = Ivk to show weak admissibility. This amounts to showing, for 
almost all ^ G X, that 

(18) < fioiW) = finiih : ^.hGW})< oo , 

for O 3 ■ In order to do this, we first consider ly. Note that for every G X 

{h G H : ^.h gV} = H^K 

is compact. Since the canonical map H^\H ^ O is a Borel isomorphism, it follows that 

V n ^.H is in fact a Borel set. In addition, since H^K is a compact neighborhood of the 
identity element, 

(19) < fxoiVnCH) <oo . 

In order to conclude (ITSI) from this, we use (d) =^ (b) and decompose A into a family 
{Po)o(zx of measures supported on the orbits. Then almost every [3o is equivalent to a 
finite quasi-invariant measure (3o- With respect to the topology induced by the canonical 
bijection H^\ H O, the finite measure (3o becomes regular [71 Theorem 7.8]. On the 
other hand, fio is also a regular quasi-invariant measure, hence /io is equivalent to (3o by 
^ 14.9], and thus finally to Po- 



GENERALIZED CALDERON CONDITIONS 



17 



Now X{W \U) = entails l3o{W \U) = 0, for almost all orbits O. Since (3o is equivalent 
to /io, it follows for these orbits that 

fiom n CH) \ {V n CH)) < fiom n CH) \ {u n i.H)) = o , 

with ieO. Thus Ho{W) = fio{W n ^.H) = no{V n ^.H), and thus ([19]) implies (fT8|). 

5. Admissible vectors versus weakly admissible vectors 

Throughout this section, X <Z A is Borel-measurable, if-invariant, and 7i = Ti-x- For 
explicit reference to the results of the previous two sections, let A denote Haar measure 
on A. 

We assume the existence of a weakly admissible vector in 7i, and want to clarify which 
additional criteria must be met to ensure the existence of an admissible vector. 

The main tool for this purpose will be the decomposition of Haar measure on X. The 
discussion in this section closely follows [TOl Section 5.2], but we have chosen to spell out 
most details for two reasons: First, we start from somewhat more general assumptions, 
and secondly, the arguments in [TOl Section 5.2], are partly flawed. This applies in 
particular to Lemma 5.9], which is an analog of the following result. Thus the 
following serves both as erratum and generalization to some of the results in [TO] . 

Lemma 18. Assume that Ti. has a weakly admissible vector. 

(a) Fix any pseudo-image A of Plancherel measure on X . There exists an essentially 
unique family of measures {Po)ocx such that d^ = dl3o{C)d\{0). 



(b) For every orbit O G X let be as in Lemma 14_. There exists an essentially 
unique Borel function n : X ^ Mq such that, for \-almost all orbits 

- — (0 = i^iO ■ 
duo 

(c) K can be chosen in such a way that for all h E H and all in a fixed H -invariant 
conull set, 

K{i.h) = K{i)/\G{^,h)-\ 

In particular, k is H -invariant iff G is unimodular. In this case, A has a decom- 
position (A, {lJ'o)ocx) of X, where X is a suitable a-finite measure. 



Proof. Part (a) is Theorem [T2] (a) ^ {b). For part (b) let /i be as defined in Lemma [T 
Then and A are equivalent cr-finite measures, as was shown in the proof of [12] (a) ^ (6), 
and we find that 

is the desired global Radon-Nikodym-derivative. Thus (b) follows. For part (c), we let 
^ih{B) = fi{B.h), and Xh{B) = X{B.h). Then 

^(0 = A^(/.), ^(0 = W. 
dji dX 
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For any nonnegative Borel map / on X, the definition of pLh entails 

J X J X 

It follows ioT h ^ H and arbitrary Borel sets B G X, that 



dfi Jx dfi 



^(0 di^iO 
.h dfJ^ 



dXh 
B dfJ'h 



(0 dfihiO , 



and thus 



dfih dfi 

Hence, for a.e. ^ E X, the chain rule for Radon-Nikodym-derivatives yields 



dfi dfih dX dfi dfih ^nih) 

which is the desired equality, except that the conull subset of X on which it holds may 
still depend on h. However, by [T^ B.5], one finds a conull invariant Borel subset of X 
on which the relation holds everywhere, independent of h. 

If K is constant on the orbits, it defines a Borel mapping k on X/H. Replacing each 
by fio, we can make up for it by taking K{0)dX{0) as the new measure on the orbit 
space. The result is a cr-finite measure ndX. □ 

The next result clarifies the role of the specific choice of A. 

Theorem 19. Let Ti = Tix C L^(y4) he closed and tt -invariant. 

There exists an admissible vector for Ti iff there exists a weakly admissible vector, and in 
addition, 

(1) G is nonunimodular; or 

(2) G is unimodular, and with X chosen according to LemmalTB (c): 

X{X/H) < oo . 

Proof. First assume that G is unimodular, and that ip is an admissible vector. Then the 
Plancherel theorem and the measure decomposition over the orbits, with A as in Lemma 
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[TSl (c) and Po = fJ^Oy allows to compute 

iiV'ii^ = / moi'dxio 

Jx 

= [ [ \m\' dfioiO dX{0) 

Jx/H J H 

= 11 m.h)\^ dh d\{0) 
Jx/H Jh 

= [ 1 d\{0) 
= \{X/H). 

Here the penultimate equality was due to admissibility of ip. In particular \{X/ H) < oo. 
For the converse, assume that tpQ is a weakly admissible vector. Define 

m = i[ \MCh)\' dhy/' . 

Jh 

By assumption, < $(0 < 1 a.e. Let (f{C,) = ipoiO/^iO- I* follows that 

Jh 

If G is unimodular, the measure decomposition allows to compute 

Ml= [ [ \v{^-h)\' did\{0) = X{X/H) . 
Jx/H Jh 

Thus, if \{X/H) < oo, the inverse Plancherel transform of is admissible for Tix- 

Finally, assume that G is nonunimodular. Then Ac is nontrivial on H, and there exists 
ho E H such that Ao{ho) < 1/2. Since A is a-finite, we can write X as a disjoint 
union X = |J„gj^Ki, where Vn C X Borel, if-invariant and with X{Vn/H) < oo. Since 
G L2(A), 

is finite a.e., and we may in addition assume that \1/ is bounded on each Vn, in particular, 
the functions ■ ^)nGN are square-integrable. 

Now pick a sequence (fc„)nGN of integers satisfying 

2-'l|ly„-^|l2<2-", 

and let 

nGN 
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On the one hand, 



X Jx/H Jo 



J2 / / AH{ho)'-Mth',-)\'dPa{OdX{0) 



Vn JO 



jieN 



/ / /^H{h,f-5{h,y'^-\^{o?d^omKO) 



Vn JO 



= j2AGiho)'"\\iv„-ni 

neN 

< J22-'-\\ly,^-^\\l 



neN 
< OO, 



by choice of the kn- Hence u is square-integrable. Moreover, the Calderon condition is 
also easily verified: For x & Vn, 



f \u{Ch)\^dh = I \^{^.hh'^-)\^AH{ho)''"dh 

H Jh 

\v{^.h)\'dh 



H 

= 1, 

by construction of (p. Thus the inverse Plancherel transform of v is the desired admissible 
vector. □ 

Remark 20. For unimodular semidirect products, we do not have a clean-cut and com- 
plete characterization of the group having an admissible vector for all of L^(A). A 
straightforward adaptation of the proof for [10, Proposition 5.14] allows to describe a 
rather general setting in which '^'^{A) does not have an admissible vector: 

Suppose that G = Ay\ H is unimodular, and has a weakly admissible vectors. Let r be 
a topological automorphism of A. We assume that r has the following properties: 

(i) r normalizes H. 

(ii) For any (hence all) B G H and C C A of positive finite Haar measure, 

\rBr-^\ ^ \r{C)\ 



\B\ ' \C\ 

Then \{X/H) = oo. In particular, there exists no admissible vector for L'^{A). 

This result applies in particular to A = M*^: Choose r = s ■ Id^d, with s ^ 1. Then r 
commutes with all elements of the matrix group H. In particular, conjugation with r 
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leaves Haar measure on H invariant, whereas = s'^- Thus (ii) is ensured, which 

proves that there exist no admissible vectors in this case. □ 

The final result concerns irreducible representations. Recall that irreducible representa- 
tions with admissible vectors are called discrete series representations. Most early sources 
generalizing wavelets to higher dimension restricted their attention to the discrete series 
case, e.g. [TTl |2l [8]. The implication (6) =^ (a) of the following result has been proved 
for y4 = R" in [8]. However, the converse was previously known only for A = M" and 
H C GL (n,M) discrete, where it boils down to stating that no discrete series representa- 
tion of that type exists, see |8i, Remark 12]. 

Corollary 21. Let Tix C L^(A) he a nontrivial closed n-invariant subspace. The follow- 
ing are equivalent: 

(a) The restriction of vr to TCx is a discrete series representation. 

(b) There exists an orbit O G X such that \X \ 0\ = 0, with associated compact 
stabilizers. 



Proof. For (6) =^ (a), the arguments given in [8] immediately carry over; see also [4]. 

Conversely, assume that vr restricted to Hx is in the discrete series. If X = W U V 
with disjoint, if-invariant Borel sets U, W of positive measure, then Hx = Hw © 'Hv 
contradicts irreducibility. Thus the action of on X is ergodic with respect to Haar 
measure. Since A is standard on X/H, it follows by [Tl, Chapter I, Proposition 3.9] that 
there exists a conull orbit. The associated stabilizers must be compact by Theorem O □ 

Remark 22. The measure decompositions discussed in this paper are closely related to 
direct integral theory. In order to see this connection, first note that the quasi-regular 
representation vr is type I: Its commuting algebra is contained in the commuting alge- 
bra of the regular representation of A on L^(A); A being abelian, the latter algebra is 
commutative. Hence vr is multiplicity-free, in particular type I. It therefore has a unique 
direct integral decomposition into irreducibles, which is closely related to the ergodic 
decomposition of A. 

For the sake of simplicity, let us assume that there exists a weakly admissible vector, 
so that the ergodic decomposition is in fact a decomposition over the orbits. Then the 
measure decomposition dX{^) = d[3o{i)dX{0) gives rise to a direct integral decomposition 

I 1 ~ / l}{0,d(3o)d\{A) . 

J X/H 

It can be shown that this decomposition also applies to the representation, yielding 

TT^ / lnd%H^{^ X 1) d\{0) , 

Jx/H 

where 1 denotes the trivial representation of H^. By Mackey's theory, the induced rep- 
resentations are irreducible (and pairwise inequivalent), thus we have decomposed vr into 
irreducibles. 
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But the orbit space A/H also occurs in the direct integral decomposition of the regular 
representation of G. In fact, the existence of a weakly admissible vector for L^(A) implies 
that the regular representation of G is type I: By Theorem |6l almost all stabilizers are 
compact, and the dual orbit space is standard up to a set of measure zero. Note that 
compactness of the stabilizer if^ entails that has a type I regular ^-representation, 
where uj denotes an arbitrary multiplier on H^. Furthermore, the orbit space is standard 
(outside a set of measure zero). Thus, by [HI Theorem 2.3], it follows that the regular 
representation of G is type I, and that the Plancherel measure of G is obtained as fibred 
measure with base space given hy A/H, base measure given by A, and fibres given by the 
tu^-duals of the H^, where uo^ are suitably chosen multipliers on H^. 

Now the connection between vr and the left regular representation can also be realized by 
observing that Mackey's construction yields a mapping 

A/H3i.H^\nd'i,H^{ixl)eG 

identifying A/H with a (Borel) subset of G. It then becomes apparent that the mea- 
sure A underlying the direct integral decomposition of vr is nothing but the restriction of 
Plancherel measure of G to this subset. This is an alternative proof for the containment 
of TT in the regular representation. This type of reasoning, using direct integral decompo- 
sitions to study existence of inversion formulae, has been developed systematically in [10] . 
In particular, [101 Section 5.3] contains a rigourous investigation of the double role of the 
measure A in decomposing both vr and the regular representation. Note however that the 
underlying assumption of [lOj is that G is type I. By contrast, we make no such initial 
assumption on G, and obtain that the regular representation is type I as a consequence 
of the existence of weakly admissible vectors. □ 

Remark 23. The results presented in this paper are satisfactory to a certain degree, 
since they provide a sharp characterization. However, we are not aware of an easy general 
procedure for the explicit verification of the criteria in concrete cases. Also, we do not 
know how our characterization relates to other criteria, in particular compactness of 
almost all e-stabilizers, proven to be sufficient in [15]. 

To our knowledge, the first systematic and substantial investigation of regularity prop- 
erties for orbit spaces was carried out by Glimm [11], who proved that standardness of 
the orbit space of a second countable locally compact group H acting continuously on a 
second countable locally compact space X is equivalent to a variety of conditions, most 
notably countable separatedness of X/H , or the existence of a Borel cross-section, or local 
compactness of the orbits in the relative topology. On the one hand, these results closely 
resemble our conditions (c) and {d) from above, but also the e-stabilizer condition: To see 
this, note that compactness of H^^^, for some e > 0, is equivalent to i) compactness of H^, 
and in addition m), local compactness of the orbit ^.H in the relative topology (cf. the 
proof of [10, Proposition 5.7]). Hence, if Glimm's results were applicable to our setting, 
they would imply that weak admissibility of the dual action is equivalent to existence of 
a compact e-stabilizer, for a.e. ^. 
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However, a direct application of Glimm's results to our setting is impeded by the fact 
that by definition, weak admissibility only concerns the behaviour of the orbits in a 
suitable conull subset. In particular, weak admissibility is robust under passage to a 
conuU invariant subset, whereas the assumptions underlying Glimm's characterization 
can be seriously affected by this step: A conull Borel subset of a locally compact space 
no longer needs to be locally compact. It was mostly this obstacle that stopped previous 
efforts of the author to characterize weakly admissible group actions. Attempts to use 
more recent generalizations of Glimm's results for the study of admissibility got stuck for 
similar reasons. □ 

Remark 24. Throughout this paper, all groups have been assumed to be second count- 
able. Most of the measure-theoretic arguments in this paper strongly rely on countability 
assumptions, and it is currently open to what extent our results can be generalized beyond 
second countable groups. □ 

Acknowledgements 

Part of the research for this paper was carried out at the Universitat Autonoma de 
Barcelona, Departament de Matematiques, and I am grateful to both institutions for 
their hospitality. I would specifically like to thank Joaquim Bruna for interesting and 
fruitful discussions. Thanks are also due to G. Greschonig for clarifying comments on 

References 

[1] L. Auslander and C.C. Moore: Unitary representations of solvable Lie groups. Mem. Am. Math. 
Soc. 62, 1966. 

[2] D. Bernier and K. Taylor, Wavelets from square-integrable representations, SIAM J. Math. Anal. 
27 (1996), 594-608. 

[3] G. Bohnke, Treillis d'ondelettes aux groupes de Lorentz, Annales de ITnstitut Henri Poincare 54 
(1991), 245-259. 

[4] M. Fashandi, R.A. Kamyabi Gol, A. Niknam, M.A. PourabdoUah, Continuous wavelet transform on 

a special homogeneous space, J. Math. Phys. 44 (2003), 4260-4266. 
[5] J.M.G. Fell and R.S. Doran. Representations of *- Algebras, Locally Compact Croups, and Banach 

^-algebraic bundles. Vol. 1. Academic Press, 1988. 
[6] G.B. FoUand. A Course in Abstract Harmonic Analysis. CRC Press, Boca Raton, 1995. 
[7] G.B. FoUand. Real Analysis. Modern Techniques and Their Application. Wiley Interscience, 1999 
[8] H. Fiihr, Wavelet frames and admissibility in higher dimensions, J. Math. Phys. 37 (1996), 6353- 

6366. 

[9] H. Fiihr and M. Mayer, Continuous wavelet transforms from semidirect products: Cyclic represen- 
tations and Plancherel measure, J. Fourier Anal. Appl. 8 (2002), 375-398. 

[10] H. Fiihr. Abstract harmonic analysis of continuous wavelet transforms. Lecture Notes in Mathemat- 
ics 1863, Springer Verlag Heidelberg, 2005. 

[11] J.G. Glimm, Locally compact transformation groups. Trans. Am. Math. Soc. 101 (1961), 124-138. 

[12] G. Greschonig and K. Schmidt, Ergodic decomposition of quasi-invariant probability measures, Col- 
loq. Math. 84-85 (2000), 495-514. 

[13] A. Grossmann, J. Morlet and T. Paul, Transforms associated to square integrable group representa- 
tions I: General Results, J. Math. Phys. 26 (1985), 2473-2479. 



24 



HARTMUT FUHR 



[14] A. Kleppner and R.L. Lipsman, The Plancherel formula for group extensions, 11, Ann.Sci.Ecole 

Norm.Sup. 6 (1973), 103-132. 
[15] R.S. Laugesen, N. Weaver, G. Weiss and E.N. Wilson, Continuous wavelets associated with a general 

class of admissible groups and their characterization. J. Geom. Anal. 12 (2002), 89-102. 
[16] G.W. Mackcy, Induced representations of locally compact groups I, Ann. Math. 55 (1952), 101-139. 
[17] R. Murenzi, Ondelettes multidimensionelles et application a I'analyse d'images, These, Universite 

Catholique de Louvain, Louvain-La-Neuve, 1990. 
[18] D.W. Stroock. Probability Theory, an Analytic View. Cambridge University Press, Cambridge, 1993 
[19] R.J. Zimmer. Ergodic Theory and Semisimple Lie Groups. Birkhauser, Boston, 1986. 

Lehrstuhl A FUR Mathematik, RWTH Aachen, 52056 Aachen, Germany. 



